We consider Navier-Stokes equations for compressible viscous fluids in one dimension. We prove the existence of global strong solution with large initial data for the shallow water system. The key ingredient of the proof relies to a new formulation of the compressible equations involving a new effective velocity v (see [8, 11, 10, 9] ) such that the density verifies a parabolic equation. We estimate v in L ∞ norm which enables us to control the vacuum on the density.
Introduction
This paper is devoted to the existence of global strong solutions of the following NavierStokes equations for compressible isentropic flows:
∂ t ρ + ∂ x (ρu) = 0, ∂ t (ρu) + ∂ x (ρu 2 ) − ∂ x (µ(ρ)∂ x u) + ∂ x P (ρ) = 0.
(1.1) with possibly degenerate viscosity coefficient. Throughout the paper, we will assume that the pressure P (ρ) verifies a γ type law:
Following the idea of [8, 11, 10, 9] , setting v = u + ∂ x ϕ(ρ) with ϕ ′ (ρ) = µ(ρ) ρ 2 we have (we refer to the appendix for more details on the computations):
(1.3)
Let us mention that this change of unknown transform the system (1.1) as a parabolic equation on the density and a transport equation for the velocity (we will see in the sequel that v is not so far to verify a damped transport equation).It seems very surprising to observe that at the inverse of u which has a parabolic behavior, v has a hyperbolic behavior. In some sense in 1D the compressible Navier Stokes equations are a compressible Euler system with a viscous regularization on the density of the type −∂ x ( µ(ρ)
ρ ∂ x ρ) In the literature the authors are often interested in the constant viscosity case, however physically the viscosity of a gas depends on the temperature and on the density (in the isentropic case). Let us mention the case of the Chapman-Enskog viscosity law (see [3] ) or the case of monoatomic gas (γ =
3 ) where µ(ρ) = ρ 1 3 . More generally, µ(ρ) is expected to vanish as a power of the ρ on the vacuum. In this paper we are going to deal with degenerate viscosity coefficients which can be written under the form µ(ρ) = µρ with corresponds to the shallow-water system. Let us start by recalling some results on the existence of solutions for the one dimension case when the viscosity is constant positive. The existence of global weak solutions was first obtained by Kazhikhov and Shelukin [17] for smooth enough data close to the equilibrium (bounded away from zero). The case of discontinuous data (still bounded way from zero) was studied by Shelukin [28, 29, 30] and then by Serre [26, 27] and Hoff [12] . First results dealing with vacuum were also obtained by Shelukin [31] . In [14] , Hoff extends the previous results by proving the existence of global weak solution with large discontinuous initial data having different limits at x = ±∞. In passing let us mention that the existence of global weak solution has been proved for the first time by P-L Lions in [20] and the result has been later refined by Feireisl et al ( [7] and [6] ).Concerning the uniqueness of the solution, Solonnikov in [33] obtained the existence of strong solution for smooth initial data in finite time. However, the regularity may blow up when the solution approach from the vacuum. A natural question is to understand if the vacuum may arise in finite time. Hoff and Smoller ([15] ) show that any weak solution of the Navier-Stokes equation in one space dimension do not exhibit vacuum states, provided that no vacuum states are present initially. Let us mention now some results on the 1D compressible Navier-Stokes equations when the viscosity coefficient depends on the density. This case has been studied in [21] , [25] , [35] , [36] , [16] and [19] in the framework of initial density admitting vacuum, more precisely the initial density is compactly supported and the authors are concerned by the evolution of the free boundary delimiting the vacuum. We are interested in the opposite situation, it means where there is no vacuum indeed in this case the velocity has a parabolic behavior which enables us to prove uniqueness results. This case has been studied by A. Mellet and A. Vasseur who proves in [24] the existence of global strong solution with large initial data when µ(ρ) verifies the following condition:
The key tool of the proof consist in controlling the vacuum by using an entropy derived by D. Bresch and B. Desjardins in [2] in the multi d case ( In the one dimensional case, a similar inequality was introduced earlier by V. A. Vaigant [34] for flows with constant viscosity, see also V. V. Shelukin [32] ). . Indeed it allows to A. Mellet and A. Vasseur to control in norm L ∞ (L 2 ) the quantity
, by Sobolev embedding they can estimate the L ∞ norm on 1 ρ . Similar arguments allows to control the L ∞ norm of the density ρ. It is then sufficient to the authors for showing that the solution of V. Solonnikov in [33] can be extended for any time T (or in other word that there is no blow up of the regularity in finite time). We would like also to mention that A. Mellet and A. Vasseur prove the stability of the global weak solution for compressible Navier-Stokes equation with viscosity coefficient verifying the relation used in [2] . The goal of this paper consists in extending the result of [24] to the case where µ(ρ) = µρ α with α > 0 and in particular α ≥ 1 2 . The idea consists in studying the system (1.3) and to prove that v remains in L ∞ t (L ∞ ) for any t > 0. To do this we shall verify that v verifies a damped transport equation with a remainder term bounded in L 2 (L ∞ ). We can then use the maximum principle on the first equation of (1.3) in order to control ρ and 1 ρ in L ∞ . We can then prove that the solution of V. Solonnikov in [33] does not blow up for any time t > 0 which is sufficient to show the existence of global strong solution.
In the next section we state our main result. Section 3 deal with the proof of the theorem 2.1 and we postpone a appendix in order to explain the equivalence between the system (1.1) and the system (1.3).
Main result
Following D. Hoff in [14] , we work with positive initial data having (possible different) positive limits at x = ±. We fix constant positive density ρ + > 0 and ρ − > 0 and a smooth monotone functionρ(x) such that:
In the sequel in order to simplify, we will deal with density of the form µ(ρ) = µρ α with α > 0 and in addition we assume that it exists C > 0 such that:
Our main theorem is the following:
Theorem 2.1 Assume that µ(ρ) = µρ and the initial data ρ 0 and u 0 satisfy:
for some constant α 0 and β 0 . Assume that p(ρ) = aρ γ with γ ≥ 2. Then there exists a global strong solution (ρ, u) of system (1.3) on R + × R such that for every T > 0:
Moreover for every T > 0, there exists constant α(T ) and β(T ) such that
Finally if µ(ρ) ≥ µ > 0 for all ρ ≥ 0, if µ is uniformly Lipschitz then this solution is unique in the class of weak solutions satisfying the usual entropy inequality (3.10).
Remark 1 This result extend the work [24] to the classical shallow water system.
When the viscosity coefficient µ(ρ) satisfies:
the existence of strong solution with large initial data in finite time is classical. An extension to the case of degenerate viscosity coefficient follows the same ideas than in [33] . More precisely we have:
). Let (ρ 0 , u 0 ) satisfy (2.6) and assume that µ satisfies µ(ρ) = µρ α with α ≥ 0 then there exists T 0 depending on α 0 , β 0 , ρ 0 −ρ H 1 and u 0 −ū H 1 such that (1.1) has a unique solution (ρ, u) on (0, T 0 ) satisfying:
Remark 2 In order to prove the theorem 2.1, it will be sufficient to show that we can control α(T ), β(T ), ρ(T ) −ρ H 1 and u(T ) −ū H 1 for any T > 0. In other words we are interested in proving that these quantities do not blow up when T goes to T 0 (in particular that α(T ) does not go to 0 and the other quantities to +∞). It will imply then that T 0 = +∞.
Proof of theorem 2.1
We are going to follow the proof of Mellet and Vasseur in [24] except in the way to control the vacuum 1 ρ in L ∞ . To do this we are going to observe that v is in L ∞ which ensures that no vacuum arises by using the maximum principle to the first equation of system (1.3).
Entropy inequalities
Let us start by recalling some classical entropy inequalities (we refer to [24] for more details). Let us define the well-known relative entropy, for any functions U = ρ ρu and U ρ ρ u we set:
where p(ρ/ ρ) is the relative entropy associated to
Let us mention that since p is convex, the function p(ρ/ ρ) remains positive for every ρ and p(ρ/ ρ) = 0 if and only if ρ =ρ. Mellet and Vasseur in [24] have obtained the following entropy inequalities.
Lemma 1 Let (ρ, u) be a solution of system (1.1) satisfying the entropy inequality:
assume that the initial data (ρ 0 , u 0 ) satisfies:
then for every T > 0, there exists a positive constant C(T ) such that:
The constant C(T ) depends only on T > 0,Ū , the initial value U 0 , γ and on the constant C appearing in (2.5).
Remark 3 Let us point out that when bothρ and ρ 0 are bounded above and below away from zero, we can prove that:
In particular (3.9)is verified under the assumptions of theorem 2.1.
Lemma 2 Assume that µ(ρ) is a C 2 function, and let (ρ, u) be a solution of system (1.1) such that:
Then there exists C(T ) such that the following inequality holds: 12) and ϕ verifying ϕ ′ (ρ) = µ(ρ) ρ 2 . The constant C(T ) depends only on T > 0, (ρ,ū), the initial daat U 0 , γ and on the constant C on (2.5).
Proof of theorem 2.1
The proposition 2.1 shows the existence of global strong solution (ρ, u) for the system (1.1) on a finite time interval (0, T 0 ) with T 0 > 0. We are interested in proving that T 0 = +∞. To do this we are going to follow the idea of the remark 2 which will ensure that we have no blow up of the solution (ρ, u).
A priori estimates
Since the initial datum (ρ 0 , u 0 ) satisfies (2.6), we have:
In addition (ρ, u) verifies (3.11), using lemmas 1 and 2 it yields for any T < T 0 (L γ 2 is the Orlicz space, see [20] ): (3.13) and:
(3.14)
Uniform bounds for the density
The first proposition shows that the density is bounded by below and by above.
Proposition 3.2 For every T > 0 there exists constants α(T ) and β(T ) such that for all T < T 0 :
Proof: Since (ρ, u) is a regular solution which verifies the system (1.1) on (0, T 0 ), it is also solution of the system (1.3) on (0, T 0 ) with
We are interested in proving that v remains in L ∞ t (L ∞ ). In order to do this since P (ρ) = ρ γ with γ > 1 and v = u + ∂ x ϕ(ρ) we have:
It gives:
In particular we deduce that: We have then using the characteristics method and defining the flow by:
It comes:
We deduce then that we have to solve the Cauchy equation with f (t) = v(t, χ(t, x):
We have in particular:
(3.17) Since µ(ρ) = µρ we know via the estimate (3.14) that
. In other word we have prove that
Multiplying the momentum equation of (1.1) by u|u| ǫ with ǫ > 0 small enough as in [23] and integrating by parts we prove that ρ 1 2+ǫ u belongs to L ∞ loc (L 2+ǫ (R)). We recall now that since:
it implies via the estimate (3.14) and (3.18) that
. By the Riesz Thorin theorem it implies that the Fourier transform
It implies in particular that for |ξ| ≥ 1 and Hölder inequality
Finally we have from (3.17) when γ ≥ 2 and since µ(ρ) = µρ:
In particular we have proved that v belongs in L ∞ loc (L ∞ )(R)). By using the mass equation we deduce using the maximum principle (see [18] 
Proposition 3.3 There exists a constant C(T ) such that:
Proof: Proposition 3.3 yields from the fact that ∂ x ρ = 2 √ ρ∂ x ρ which is in L ∞ T (L 2 ) using the previous proposition and (3.14). By (3.13) we know that ρ −ρ is in L ∞ T (L 2 ). It achieves the proof.
And the result follows.
Uniform bounds for the velocity
We follow the argument of [24] that we recall for completeness.
Proposition 3.4
There exists a constant C(T ) such that:
and:
In particular u −ū ∈ C((0, T ), H 1 (R)).
Proof: First, we observethat u −ū is bounded in L 2 ((0, T ), H 1 (R)). Indeed since we have ρ ≥ α > 0 using (3.10) 
We deduce via the mass equation that
, it yields (see [1] for example) that ρ belongs to C s 0 ((0, T ) × R) for some s 0 in (0, 1). Next let us rewrite the momentum equation as follows:
In order to obtain new estimates on u, we are going to control the right hand side of (3.19) . The first term ρ γ−2 ∂ x ρ is bounded in L ∞ ((0, T ), L 2 (R)) (thanks to proposition 3.3 and 3.2). The second term is bounded in L 2 ((0, T ) × R) sinceū is in L ∞ . For the last part following [24] , we write (using Hölder inequality and interpolation inequality):
(here we have used (3.12) and proposition 3.2). Using regularity results for parabolic equation of the form (3.19) (note that that the diffusion coefficient is in
and by bootstrap:
Sobolev inequalities implies that
, and classical regularity results for parabolic equation ensure that u−ū is bounded in L 2 ((0, T ), H 2 (R)) and ∂ t u is bounded in L 2 ((0, T ), L 2 (R)). This concludes the proof. We have prove the existence of global solution since now using proposition 2.1 we deduce that T 0 = +∞. The uniqueness in this class of solution is a direct consequence of proposition 2.1 where the uniqueness is obtained.
Appendix
Let us explain why the system (1.1) is equivalent to the system (1.3) via the change of unknown v = u + ∂ x ϕ(ρ). Proof: As observed in [8, 11, 10, 9] , we are interested in rewriting the system (1.1) in terms of the following unknown v = u + ∇ϕ(ρ) where ϕ ′ (ρ) = µ(ρ) ρ 2 . We have then by using the mass equation:
and it gives: And we obtain adding the equality (4.21) to the momentum equation:
It concludes the proof.
